We study the possibility of the finite time singularity for the 3D incompressible Navier-Stokes equations for 'large' force or for small viscosity if the initial velocity satisfies the the condition of initial amplification of the enstrophy. In the case of zero external force, the condition for initial data leading to finite time singularity for small viscosity is specified by some conditions on the deformation tensor of for velocity and the Hessian of the pressure.
Introduction
We are concerned with the Cauchy problem of the following 3D Navier-Stokes equations for the homogeneous viscous incompressible fluid flows in a domain v(x, 0) = v 0 (x), (1.3) where D/Dt is the material derivative defined by
Here v = (v 1 , v 2 , v 3 ), v j = v j (x, t), j = 1, 2, 3, is the velocity of the flow, p = p(x, t) is the scalar pressure, ν ≥ 0 is the viscosity(ν = 0 corresponds to the Euler equations), and v 0 is the given initial velocity, satisfying div v 0 = 0. Our results in this paper does not depend on the specific condition on Ω, although we need at least local existence of a classical solution, for which it suffices that Ω is a periodic box T 3 , whole of R 3 , or a bounded domain with smooth boundary together with the boundary condition of vanishing velocity on the boundary. Since the fundamental papers by Leray([12] ) and Hopf([7] ) the mathematical study of the equations (1.1)-(1.3) has been one of the most attracted topics among the whole area of partial differential equations. The global regularity/finite time singularity problem is still open, although many papers have been devoted to it (e.g. [1, 3, 4, 5, 6, 8, 9, 10, 15, 16, 17] ). There are also many text books and monographs(e.g. [2, 11, 13, 14, 18] ). Most of the above mentioned papers are concerned on the direction of the global regularity of solution. In this note we are on the contrary, namely we consider the possibility of finite time singularity of smooth solution for the small viscosity and large force. We consider some condition imposed on the initial data, force and viscosity, under which the smooth solution lead to finite time singularity. We did not yet find if there exists such data, but it could be very interesting direction of research toward solution of the problem to try to search such data.
Given velocity v(x, t) and pressure p(x, t), we introduce the 3×3 matrices,
with i, j = 1, 2, 3. Then, we have the decomposition V = (V ij ) = S+A, where S = (S ij ) represents the deformation tensor of the fluid, and A = (A ij ) is related to the vorticity ω = curl v by the formula,
where ε ijk is the skewsymmetric tensor with the normalization ε 123 = 1. Given ω(x, t) with ω(t) L 2 = 0, we introduce the functions
Below we denote σ 0 = σ(0) and ρ 0 = ρ(0), and so on.
) with curl f = 0 be given. Suppose
and
Then the solution of the system (1.1)-(1.3) with the initial data v 0 blows up in finite time, namely lim sup
for some T * ∈ (0, ∞). Moreover, we have an upper estimate of the Blow-up time, 8) where {h} + = max{h, 0} denotes the nonnegative part of h. 
then from the form of conditions (1.5)-(1.6) we observe that there exists ν 0 > 0 such that for all ν ∈ [0, ν 0 ] both of the conditions (1.5) and (1.6) hold true. Thus the condition (1.9), which should be much easier to check than (1.5)-(1.6), is the one for finite time singularity for sufficiently small viscosity Navier-Stokes equations, including the Euler equations. Note also that if σ 0 < 0 for a given initial data v 0 , then taking another dataṽ 0 = −v 0 , we can make σ 0 > 0, since σ 0 (−v 0 ) = −σ 0 (v 0 ).
Remark 1.2
We observe that σ and ρ are of the form of the Rayleigh coefficients for the matrix S and P respectively, and we have the following estimates for the value of σ 0 , ρ 0 for the bounded domain Ω,
2 Proof of Theorem 1.1
We begin with derivations of some basic evolution equations. Computing partial derivatives ∂/∂x k of (1.1) yields
Taking symmetric part of (2.1), we have
2) from which, using the formula (1.4), we derive
The antisymmetric part of (2.1) is
which, using the formula (1.4) again, we obtain easily
which is the well-known vorticity evolution equation that could be derived also by taking curl of (1.1). The equations (2.3) and (2.5) are the basic systems for our proof below.
Proposition 2.1 Let us set
where we set g = 2σ
Proof. Multiplying (2.5) by ω i , and summing over i = 1, 2, 3, and integrating over Ω, we obtain 1 2
Taking scalar product in L 2 (Ω) the gradient of (2.5) with ∇ω, and integrating by part, we obtain
From (2.5) we compute, 1 2
Integrating this over Ω, and using (2.3), (2.5), and (2.10), and integrating by part, we derive
where we used the inequality
in the last inequality. Substituting the estimate
where we used (2.9), into (2.11), we have
From this estimate, using (2.9) again, we deduce
Proof of Theorem 1.1 Setting h(t) = g + (t), where g + = max{g, 0}, where g(t) is given in (2.7), we have from (2.6)
We multiply (2.13) by exp(
Multiplying this inequality by exp(−2 t 0 hds), we obtain
Now (2.14) is easily integrable to yield
where we denoted where we used the fact, 17) where (2.9) is used in the third equality, and also the obvious estimates, exp 
